Space Physics Advanced Option

Answers to problems related to the magnetic structures in the solar corona

The solution to Question 1 was given in the Worksheet.

Question 2

(@) Givenamagnetic field structure as By = Byy , By = Byx and B, =0, we have
B 0B

9B =0, —L =0 and %, =0, therefore 0B =0
0x ay 0z

Note already at this stage, that if By isin magnetic induction units (Tessla), then the coordinates X and y must be
dimensionless.

, or, substituting, ﬁ =ﬂ , or
Boy BgX

, . . . o dx_d
(b) Thedifferential equation defining the magnetic field linesis — = <
X y

ydy = xdx. Integrating, we get y2 =x% +C where C istheintegration constant. This equation defines the magnetic
field lines which are families of hyperbolae. Notethat for C =0, wehave y =+x. To seethat in general the equation

defines hyperbolae, perform the change of variables
X y X y
ST——-———adV=—+—"=.
2 2 2 2
Note that this corresponds to a clockwise rotation of the coordinate axes by 45°. Inverting these two equations gives
x=—+ L oandy=—"L+ L
2 2 2 2

Substituting into the equation of the magnetic field lines y2 =x?+C gives the magnetic field lines in the new

u

Ccl1
coordinate system as vV = —— — which are indeed hyperbolag, dependent on the value of the constant C. The magnetic
u

field lines can be sketched as illustrated bel ow:

Y.
V-

o (o) G5 (.
2Ug 20 20

(c) The magnetic pressureis defined as pg =
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2
The magnetic pressure forceis — Upg = -0 (X X+ yf/) where X and Y are the unit vectors along the coordinate

Ho
axes.
0B, C
The magnetic tension force is given by i(BD]])B =i M By By C
Ho Ho o 6y 6y E

1 B3, . .
Substituting, we get — (BD]])B =0 (x X+ yy) . Note that the magnetic pressure force is balanced by the magnetic
Ho Ho
tension in this case.

Question 3.
Given B(x,t)= f (t)exp(— x2/4r]t), we have

2 0 g O 2 0
o8 Ebf f(t) X > [exp(— x2/4r]t) and r]a_ = D—i + X of (t)exp(— x2/4r]t) o that the equation

a g Ve ox* g2 ant°g
2

%? r]z—B is satisfied if the function f()|sasolution of the differential equation %+%=0. Rewriting this
X

t
equation as % = —%% we can integrate to get In f(t)= —%Int + constant or f(t)= Boy TO .

Therefore B(X,t)= BOJ%eXp(— x2/4r]t) and B(X =0t :to): Bo-

T T | T

i a t=t,

1.0 0 -

- \a b t=2t, |

oy b c t=3t °
?;:._ . C d t=4t, -
o.o_ : ' : _

0 1 2 3

Question 4.
10(rA ), 10A  0A,

(i) For an arbitrary vector A we have, in cylindrical coordinates, [ [A =—
r or r op oz

. Inthe present

B
case, we have B, =By =0 and B, :Bz(r),therefore aaz =0 and OB =0.
z
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(if) The simplest way to identify the unitsof n =:I/u00 isto note that in the exponential term of

B,(r.ty)=B, exp(— r2/4r]t0) the exponent r 2/4nt, is dimensionless (necessarily), and therefore as 1 2/t has
unitsm”.s* , these are also the units of 1.

0B
(iii) The magnetic induction equation isin the form of diffusion equation in this case, so that E =n 0%B , So that, as

0B, (r,t :
only the Z component of B is different from zero, we can write % =n0?B, (r ,t) where B, (r ,t) isascalar.
r

The general form for an arbitrary function g(r 0, Z) in cylindrical coordinatesis
2 2
ng —li ag H+ L9 9 a_g In our case, only thefirst term is non-zero, therefore — =ﬂiH'
rorgorg r? 992  oz2 ot rar[]

2
C

or

(iv) Giventheform B, (r,t)= f (t)exp(— r 2/4r]t), we have

0B, Eblf r2 O 2
+ f BexXp\—r</4nt
ot git 4r]tzg p( /n)

0B B, U 3. 0

——Z=-_f Aexp( r2/4nt) and — 0 9 B: F+— A +L2|:|f (t)eXp(—I'2/4|']t).
or Int org or O g 4nt (4r|t) g

Substituting into the equation found in (iii) and cancelling the exponential terms on the two sides of the equation gives
df r2 _ f r2 N _df o f

—+ =——+ f —— or, asindicated in the question, — + —=0.

dt 4r|t2 t 4r]t2 a  t

f
(v) The solution to the equation derived in (iv) can be found by integration of dT = —% thatis

t t
In f(t)=-Int+constant , or f(t)= BOTO and therefore B, (r,t)= BOTOexp(—r2/4r]t). Note that this solution

satisfies the initial condition given in the question for t =t .

2n o D r U
(vi) The total flux of the magnetic field is J’dq)J'rB dr = 2T[J'rB dr = Ilm(r - @T[J'rB drﬁ As the general

1
formulais J’t exp(— [t 2 }it = Z_B [1— exp(— sz )] , its application here gives for the total magnetic flux
0

41B,ton lim (r - OO)ll— exp(— r 2/4r]t)]= 418yt , independent of time. Note that the flux isin units of
Tessas.(m?s* ) = Webers, correctly.

2T oo 2

(vii) The magnetic energy inthe dab is Z_dr . Using the integration technique asin (vi), we get for the

TB,to
total energy inthe dlab o_torl . Thisisindeed decreasing, inversely proportional tot. The magnetic energy that has
Ho

diffused is turning into Joule heat, through the electrical conductivity of the medium.

(viii) The plot is shown on the next page.
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(ix) Thetotal energy in the slab decreases inversely with t, so the sketch is of the curve to/t vs. 1, as shown below.
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